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Abstract

The Container Relocation Problem (CRP) involves finding a sequence of moves of containers that minimizes the
number of relocations needed to retrieve all containers in a given order. In this paper, we focus on average case
analysis of the CRP when the number of columns grows asymptotically. We show that the expected minimum number
of relocations converges to a simple and intuitive lower-bound for which we give an analytical formula.
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1. Introduction

Due to limited space in the storage area in container
terminals, containers are stacked in columns on top of
each other. As shown in Figure 1, several columns of
containers create bays of containers. If a container that
needs to be retrieved (farget container) is not on the top-
most tier of a column and is covered by other containers,
the blocking containers must be relocated to other slots.
As a result, during the retrieval process, one or more re-
location moves are performed by the yard cranes. Find-
ing the sequence of moves that minimizes the total num-
ber of relocations while retrieving containers from a bay
in a pre-defined order is referred to as the Container Re-
location Problem (CRP) or the Block Relocation Prob-
lem (BRP). For reviews and classification surveys of the
existing literature on the CRP, we refer the reader to [3]
and [6].

A common assumption of the CRP is that only the
containers that are blocking the target container can be
relocated. We refer to the CRP with this setting as the
restricted CRP. In this paper, unless stated otherwise,
CRP refers to the restricted CRP. On the other hand, if
we relax this assumption, we will refer to the problem
as unrestricted CRP.
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Figure 1: Bays of containers in storage area

In this paper, we study the CRP for large randomly
distributed bays and we show that the ratio between the
expected minimum number of relocations and a sim-
ple lower bound (developped by [2] and denoted below
by S¢) approaches 1. While the problem is known to
be NP-hard, this gives strong evidence that the CRP is
“easier” to solve for large instances, and that heuristics
can find near-optimal solutions.

Let us define the problem more formally: we are
given a bay with C columns, P tiers; Initially N con-
tainers are stored in the bay with exactly & containers in
each column, where h < P—-1,s0 N = h X C. We de-
note such a bay Bj, . We label the containers based on
their required departure order, i.e., container 1 is the first
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Figure 2: Bay with 4 tiers and 4 columns

one to be retrieved. The CRP corresponds to finding a
sequence of moves to retrieve containers 1,2, ..., N (re-
specting the order) with a minimum number of reloca-
tions. For bay B, ¢, we denote the minimum number of
relocations by z,,/(Bjc). We focus on an average case
analysis when the number of columns grows asymptot-
ically. In our model, since N = h X C, when C grows to
infinity, N also grows to infinity.

Average case analysis of CRP is fairly new. The only
other paper found in the literature is by [5]. They also
provide a probabilistic analysis of the asymptotic CRP
when both the number of columns and tiers grow to in-
finity. They show that there exists a polynomial time
algorithm that solves this problem close to optimality
with high probability. Our model departs from theirs in
two aspects: (i) We keep the maximum height (num-
ber of tiers) a constant whereas in [5] the height also
grows. Our assumption is motivated by the fact that the
maximum height is limited by the crane height, and it
cannot grow arbitrarily; and (ii) We assume the ratio of
the number of containers initially in the bay to the bay
size (i.e., number of columns) stays constant (i.e., the
bay is almost full at the beginning) and is equal to 4. On
the other hand, in [5], the ratio of the number of con-
tainers initially in the bay to the bay size decreases (and
it approaches zero) as the number of columns grows. In
other words, in the model of [5], in large bays, the bay
is underutilized.

Before stating the main result in Section 3, we first
provide four main ingredients in the next section: the
notion of an uniformly random bay, the simple lower
bound S on the minimum number of relocations in-
troduced by [2], a heuristic developped by [1] that per-
forms well in large bays, and the notion of “special”
columns.

2. Background

2.1. Uniformly random bay

We view a bay as an array of P X C slots (see Fig-
ure 2). The slots are numbered from bottom to top,

and left to right from 1 to P X C. The goal is to gen-
erate a bay By, ¢ with uniform probability, meaning each
container is equally likely to be anywhere in the con-
figuration, with the restriction that there are s contain-
ers per column. We first generate a uniformly random
permutation of {1,...,h X C} called n. Then we assign
a slot for each container with the following relation:
By, j) =n(hx(j—1)+i) fori < hand By, c(i, j) =0
fori > h+ 1. One can see that each bay is generated
with probability 1/N!. There is a one to one mapping
between configurations with C columns and permuta-
tions of {1,...,h X C}, denoted by S;xc. Finally, we
denote the expectation of random variable X over this
uniform distribution by E;, [ X].

2.2. The counting lower bound Sy

This bound was introduced by [2] and it is based on
the following simple observation. In the initial config-
uration, if a container is blocking, then it must be re-
located at least once. Thus we count the number of
blocking containers in By ¢, we denote it as So(Bc),
and we have z,,(Bpc) = So(Bpc). Note that if a con-
tainer blocks more than one container, it is counted only
once. In Lemma 1 we give an explicit formula for the
expectation of S under the uniform distribution.

Lemma 1. Let C,h € N and S be the counting lower
bound defined above, we have

Enc[So(Buc)] = anx C ey

where ), = h—zl}.’:l 1/i is the expected number of block-
ing containers in one column.

Fact 2. Note that a;, only depends on h.

ProoF oF LEmma 1. Let S{(Bjc) be the number of
blocking containers in column i. By the lin-
earity of expectation, we have E,c[So(Bnc)] =
Enc [Z,C:] SB(Bh,C)] =3, Ene [SB(Bh,C)] =q,x C,
where a;, = Ejc [Si(Bic)| = Eai[So(Bu1)]. This
relies on the fact that each column is identically dis-
tributed.

Now let us compute ay,. It is clear that @; = 0. For
h > 2, by conditioning on the event that the topmost
container is the smallest number in the column or not,
we obtain the recursive equation @, = ;-1 + (h — 1)/h.
Finally by induction we have o), = h — Zf’zl 1/i which
completes the proof.



2.3. The heuristic H ([1])

Suppose n is the target container located in column c,
and r is the topmost blocking container in ¢. For con-
venience, we denote by min(c;) the minimum of col-
umn ¢; (note that min(c;) = N + 1 if ¢; is empty). H
uses the following rule to determine ¢* # ¢, the column
where r should be relocated to. If there is a column
c¢; with |¢;| < P, where min(c;) is greater than r, then
H chooses such a column where min(c;) is minimized,
since columns with larger minimums can be useful for
larger blocking containers (as r will never be relocated
again, we say this relocation of r is a “good” move). If
there is no column satisfying min(c;) > r (any relocation
of r can only result in a “bad” move), then H chooses
the column where min(c;) is maximized in order to de-
lay the next unavoidable relocation of r as much as pos-
sible. We will refer to this heuristic as heuristic H and
denote its number of relocations by zy(Bj ). Notice
that z,,:(Bic) < zu(Byc). Finally we state the follow-
ing simple fact, which does not require a formal proof:

Fact 3. For any configuration B with C columns and at
most C containers, we have

S0(B) = zopi(B) = zu(B). 2

2.4. Definition of “special” columns.

For h,C € N, a column in By ¢ is called “special” if
all of its containers belong to the C highest. Given this
definition, a column in B), ¢4 is “special” if all contain-
ers belong to the C+ 1 highest, or equivalently, if each of
its containers has index at least w,¢c = (h—1)(C+1)+1.
We will also consider the following event:

Qu.c = {Bnc+1 has at least 1 “special” column}. (3)

Lemma 4 states that the event Q;, ¢ has a probability that
increases exponentially fast to 1 as a function of C. The
proof of Lemma 4 can be found in the Appendix.

Lemma 4. Let h,C € N such that C > h+ 1 and Q)¢
be the event defined by equation (3), then we have

P(Qc) < e CHD €]
where
1 5\
O = — .
’ 8h(h(h+1)) >0 )

3. An average-case asymptotic analysis of CRP

The major result of this paper states that when the
number of columns increases to infinity, the expected
optimal number of relocations is asymptotically propor-
tional to the expected number of blocking containers.

Theorem 5. Let S be the counting lower bound and
Zopt be the optimal number of relocations defined in sec-
tion 1. Then for C,h € N such that C > h + 1, we have

_ Enc [Zopz(Bh,c)] < O ©
S Eac[SoBro)] 7"

where K
O =1+ 1 @)

where Kj, is a constant defined by equation (13).

Proor or THEOREM 5. The basic intuition is that, as the
number of columns grows, for any blocking container,
we can find a “good” column with high probability. This
implies that with high probability, each container is only
relocated once. More formally, as C grows, with high
probability Ej, c11[20p(Brc+1)] — Epnc [Zopt(Bh,C)] is ex-
actly @,. Therefore, for large enough C, E;, ¢ [Z(,pt(Bhwc)]
essentially behaves like @), X C, which is equal to
Ep.clSo(Bnc)] (according to Lemma 1).

Since for all configurations Bjc, Zop(Bnc) =

Enc [Zopt(Bh,C)]

Enc[SoBro) ~
Moreover, we have:

So(Bn,c) then

Enc [Zopt(Bh,C)]

Epc[So(Buc)]

Enc [Zopt(Bh,C)] —Enc[So(Bro)l
Enc [So(Brce)]

=1+ C (Eh,c [Zopt(Bh,C)] - (lhc)
&n(C)
=1 8
+ aC (8
where
2n(C) = Enc [2om(Bic)| - anC. ©)

Now we claim that there exists a constant 8, > 0 (de-
fined in equation (5) such that:

Enc1 [Zopz(Bh,C+1)] < Enc [Zopt(Bh,C)] +

(10)
+ (P = 1)(C + D™V vC > h+1
Equation (10) studies how E, ¢ [Zopt(Bh,C)] evolves
and states that it increases almost linearly in @; which
shows that the function g,(.) is essentially bounded. Be-
fore proving equation (10) we conclude the proof of



the Theorem. Using equation (10), we have for all
C>h+1:

Enca [Zopt(Bh,CH)] < Eice [Zupt(Bh,C)] +
+ h(P = 1)(C + 1)e”™(©*D
= Ejch1 [Zupr(Bh,c+1)] —ap(C+1) <Epc [Zopt(Bh,C)]
- ayC + h(P = 1)(C + 1)e”C*D
= gi(C + 1) < gi(C) + h(P = 1)(C + 1) (€D

C
= g(C) < gih+ D+ hP—1) Y (ie™)

i=h+2

= gn(C) < gu(h+ 1)+ h(P - 1) i (,-e—e,,i)
i=1

h(P - 1)

= gn(0) < gu(h+ 1) + 3
(efr = 1)

=K, (1D
Therefore using equations (8) and (11), we have

Eh,C I:ng[(Bh,C):I Kh
Eolsa B St =moO. a2
Enc [So(Brce)] T Ju(C) (12)

where

h(P 1)

g D+
I —

K, = -1 = (e "

ap ap

13)

Now let us prove equation (10). Recall that a column
is defined to be “special” if none of its containers are
smaller than w, ¢ = (h — 1)(C + 1) + 1 and that Q; ¢ =
{Bi.c+1 has at least one “special” column} .

The intuition is the following: the probability of hav-
ing a “special” column grows quickly to 1 as a function
of C, implying that the event Q; ¢ happens with high
probability. Now, conditioned on ), ¢, we more easily
express the difference between bays of size C + 1 and C
in the following way. We claim that

Encet [Zopt(Bh,C+1)|Qh,C] < Epe [Zopt(Bh,c)]+ah- (14)

Let By ¢4 be a given bay with C + 1 columns that
verifies €. Since columns in bays can be inter-
changed, we suppose that a “special” column is the
first (leftmost) column of the bay. We also denote
ny,na,...,n, the containers of the first column. We
know that ny,ny,...,n, > wpcand ny £#ny # ... # ny,.
Finally let Bh,C be the bay Bj, ¢, without its first column
(see Figure 3).

Y
C

Figure 3: Bay decomposition of By, ¢+ (The right part has C columns)

First we prove that

n
Zopt(Buc+1) < Zop(Bc) + So[[ ” (15)

np

To prove equation (15), we construct a feasible se-
quence o for the bay of size C + 1 for which the num-
ber of relocations is equal to the right side of equa-
tion (15). Let O-Opl(éh,c) the optimal sequence for éh,C,
¢ = min{ny, ..., n,} be the first time step when the target
container in o-,,,,,(f?h?c) is larger than min{n;, ny, ..., n,}
and B;:,C be the bay obtained at ¢’ using o-opt(f?;,,c). Let
the first ¥ — 1 moves of o be the first # — 1 moves of
o-op,(f?h,c). Note that B;z,c has at most C+ 1 —h (which is
at most C) containers due to the choice of wy, ¢. By Fact
3, the number of relocations performed by m,,,,(B;LC)
from ¢’ until the end is S O(B;q,c)' Therefore

# relocations up to t’

Zopt(Bh,C) = { done by O—gp[(Bh,C)

}+S O(B;l,c) (16)
After t’, we run heuristic H on

B;:,CH = ([ n

We claim that z, (number of relocations performed
by the feasible sequence o constructed above) is ex-
actly the right side of equation (15). There are at most
C + 1 containers in B;z,C 1> therefore using Fact 3, we
know that if we apply the heuristic H to this config-

uration, then the number of relocations done by H is

T
So(B)c,)) = SO(B;LC)+SO([ m m | ) There-
fore z,pi(Bhc+1) < 2o(Bpc+1) and

T
ny ] U B;:,C)'

# relocations up to t’ }

Z(J'(Bh,c+1) ={ done by O-Op[(Bh’C)

n 17
+S0(B;L,C)+SO[ ]
np



which gives us

ni
Zopt(Bh,C+1) < Zopt(Bh,C) + SO s >
np

and proves equation (15).

Now we can take the expectation from both sides of
equation (15) over a uniform distribution of the rest of
the & X C containers that are not in the first column.
We claim that the first term on the right hand-side of
equation (15) is exactly E; ¢ [z(,p,(Bh,c)]. For any con-
figuration that appears in B), ¢ we can map it to a unique
configuration B, ¢ where all containers are between 1
and /hC, and vice versa. Thus,

n
Eh,C Zopt(Bh,C+1) < Eh,C [Zopt(Bh,C)]
np
(18)
n
+ S()
np

Next, we take the expectation of both sides of equa-
tion (18) over possible first columns, which is a “spe-
cial” column. Now notice that if By, ¢ is generated uni-
formly in the sets of bays of size C + 1, then conditioned
on ¢, the probability of having a certain column
[n1,...,m,]" is identical for any n; # ... # nj, > wyc
and it is given by

np

C+1-h) 1
Bip - Qne | = : (C+1)|) = o Vv
nj, ' ( h )h
Therefore we can write:
Enc [Zopt(Bh,C+l) | Qh,c]
.
= Z Enc (zopi(Bucs) || -+ | Qnc
(n1,5eemp) |
ni# nj
niZ whc (19)
ni
x P . Qh,C
ny
.
= Z Enc |zop:(Bhc+1)
(n1,.eshp) | 1p
ni# nj
n,») wp.c (20)
np
x P . Qh,C
ny

n
< Eic [Zopt(Bh,C)] Z P Qe
(N1 5eeesty) ny
ni# nj
nZ2 wyc
ni n
+ Z So X P Qh,C
(15eep) ny ny
ni# n;j
2 wpce
< Ene [Zopt(Bh,C)]
ni ni
+ Z So x P Qh,C (21)
(M15.5710) ny ny
ni# n;j
2z wpce

The equality between (19) and (20) comes from the
fact that if we know that B, ¢, has a “special” column,
then we do not need to condition on €, ¢. Equation (21)

n
uses the fact that Y, P Qucl=1
n* ...#F ny n
nz o e h
Note that, given any (ny,...,n;) such that n; # nj,

we have

n
Eh,l S() l‘ = ap,

np
where the expectation is over a random order of
(ny,...,ny). Thisis true regardless of the set (ny, ..., n;)
that is drawn from (See Fact 2). This implies that the
second term in the right hand side of equation (21) is
equal to ay,; Therefore, we get equation (14).

Now we want to focus on the event Q,c. We give
an upper bound on E; ¢ [z(,,,t(Bh,CH) | Qh,c]. For any
configuration, in order to retrieve one container, we
need at most P — 1 relocations (since at most P — 1 con-
tainers are blocking it), thus for any configuration, the
optimal number of relocations is at most P — 1 times
the number of containers (Z(C + 1)) which gives us
h(P—-1)(C+1) as an upper bound on the optimal number
of relocations. We use this universal bound to get

Epncs [Zopt(Bh,C+l) | Qh,C] <hP-D(IC+1). (22)

Finally using Lemma 4, we have

Encs1 [Zopt(Bh,C+1)] = Epnce1 [Zopr(Bh,c+1) | Qh,c] P(Qpc)
+ Ence [Zopr(Bh,C+1) | m] P(Qc)
< Epcsn [Zopr(Bh,c+1) | Qh,C]
+ Ence [Zopz(Bh,C+1) | %] e D

< Bic [2op(Bro)| + an + h(P = 1)(C + 1)e C+D



which proves equation (10) and hence completes the
proof of the Theorem.

In the next corollary, we show that the optimal so-
lution of the unrestricted CRP has a similar asymp-
totic behavior. We remind that the unrestricted CRP
refers to the problem where we can also relocate non-
blocking containers. The proof is trivial since by defini-
tion S o(Bp,c) < Zunr(Brc) < Zopi(Bpc)-

Corollary 6. Let z,,,(Byc) be the optimal number of
relocations for the unrestricted CRP. For C > h + 1, we
have

]E nr 81
Ps [Zunr(Bh,0)]

,C < fi(C)

where fj, is the function defined in Theorem 5.

3.1. Experimental results on the efficiency of heuristic
H

Theorem 5 gives insights on how the expected opti-
mal solution of the CRP behaves asymptotically on ran-
dom bays. To give more insights on CRP, we show ex-
perimentally that the same result holds for heuristic H,
i.e., the ratio of By, ¢ [zy(By.c)] and Ey ¢ [So(Bn.c)] con-
verges to 1 as C goes to infinity. Wetake h=P -1 =4
and for each size C, we compute both expectations over
a million instances generated uniformly, take their ratio
and plot the result in Figure 4. Notice that we have

Eh,C [Zapr(Bh,C)] < Eh,C [ZH(Bh,C)]
= Enc[SoBieo)]  Enc[SoBro)l’

so Figure 4 also shows experimentally that Theorem 5
holds.

Enc [z (By
En.c[So

0 20 40 60 80 100
C': number of columns

Figure 4: Simulation of the convergence of the ratio

First, note that Figure 4 implies that the relative gap
between heuristic H and S shrinks to 0 as C increases.

Moreover we have

Enc [za(Bnc)] = Enc [Zopt(Bh,C)]

Epc [Zopl(Bh,C)]
Enc [za(Bhc)] = Epnc [So(Bro)]
= Enc [So(Bnc)] '

and thus the relative gap of H with optimality also con-
verges to 0 as C grows to infinity.

0.8
0.6

0.4

Ew.c |21 (Bh,c)) — En,c [So (Bu,c)]

250 750 1000

500
C': number of columns
Figure 5: Simulation of the convergence of the difference

In the proof of Theorem 5, we also study the func-
tion gw(C) = Enc [2om(Bc)| = Enc [So(Bic)l. Note
that g,(C) < Eyc [2za(Bhc)] = Enc [So(Bn.c)] where the
right-hand side of the inequality is the function plotted
in Figure 5. The plot shows that g,(C) < 1.25 for all
C, meaning that g,(C) is bounded as we proved in The-
orem 5. Moreover, the plot implies that heuristic H is
on average at most 1.25 away from the optimal solution,
so heuristic H is relatively more efficient in the case of
large bays. Intuitively, the probability of having a good
column converges to 1, as we increase the number of
columns; hence the problem tends to become easier as
C grows.

Finally, in the proof, we note that the rate of conver-
gence of the minimum z,,; to S is at least 1/C. Inter-
estingly, we can infer from Figure 4. that the rate of
convergence of the ratio for heuristic H is also propor-
tional to 1/C.

4. Conclusion

The Container Relocation Problem (CRP) is known
for its computational intractability, so most research
studies have designed heuristics to solve the problem,
particularly for large bays. The main purpose of this pa-
per is to show a new theoretical result stating that the



ratio between the expected minimum number of relo-
cations and a simple lower bound (given by Lemma 1)
approaches 1. The main insight of this result is that in
large bays each blocking container is relocated at most
once with high probability. This leads us to believe that
the same theoretical result should hold for heuristic H
and we confirm this intuition by simulation.

Furthermore direct extensions of this paper include
the formal proof of a similar result for the heuristic H,
the proof of convergence of the difference between the
optimal solution and this lower bound. The study of
the CRP with distributions other than the uniform one
could also be very interesting theoretically as well as
experimentally.
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Appendix A. Proof of Lemma 4
Proor or LEMMA 4. Recall that
Qi.c = {Bnc+1 has at least one “special” column} .

We know that each bay of size C+ 1 can be mapped to
a permutation 7 of Syc41) taken uniformly at random.
Let ¢(.) be the function from Sjc+1) to R* defined by

q : w +— number of “special” columns in
the resulting bay of m.
Note that
P(Quc) =P (qm) = 0).
First we compute the expected value of g(.)

C+1
Encs Z){ (ci is a “special” column)
i=1

Epnc+1lq]

(C+ 1) xXP({cy is a “special” column}),

where we use linearity of expectation and the fact that
columns are identically distributed.
A simple counting implies that:

P ({c; is a “special” columny})
C+HC+nH-1]...(C+1)—-h+1]
h(C+ DC+1)—=1]...[W(C+1)-h+1]

((C+1)—h+1)h ( 2 )h
P> P> ,
hC + 1) h(h+ 1)

where we use C + 1 > h + 1 to show the last inequality
(Notice that when C — oo, the probability is equivalent
to (l/h)h which would guarantee a faster convergence
rate).

Therefore we know that

5\
Epceilgl = (C+1) x (m) . (A.1)

We claim that ¢(.) is well concentrated around its
mean. In order to do so, we prove that g(.) is 1-
Lipschitz.

Define p the distance between two per-
mutations m,m €  Spes+y as p(m,m) =
[{i € [AW(C + 1)] : m (i) # mp(i)}|. We want to prove
that

lg(m1) — q(m2)| < p(my,m2), Y (711, m2) € Spc+1)-

Let m,m € Suc+n. Let us first consider the case
where p(rry,m,) = 2. (Notice that if p(my, 1) # 0 then
p(ry,mp) > 2). In that case, we have i,j € {1,...,n}
such that 7,(7) = 72(j) and m11(j) = m2(i). Let BY and
B® be the configurations generated by m; and 7,. Hav-
ing p(my,mp) = 2 corresponds to the fact that if we swap
2 containers in BV, we get B® and we denote those
containers a = m1(i) and b = m;(j). We have three cases:

e g and b are both in “special” columns in BV, In
this case, swapping them will not change anything
since both their new columns in B® will also be
“special” and hence |g(rr1) — g(m)| = 0.

e g and b are both in columns that are not “special”
columns in BV, If a,b > wj,c or a,b < wyc then
we do not create any new special column in B?.
Now suppose that a > wy,c and b < wj, ¢, then the
column of a in B’ might be a “special” column,
but the column of b in B® cannot be “special”.
Therefore in that case, |g(m) — g(m)| < 1.

e aisin a “special” column in BV but b is not. Now
we know that a > wpc. If b < wpc then the col-
umn of b in B® cannot be “special” but the column
of a might be and in that case |g(m;) —g(m)| < 1. If
b > wy,c, then the column of b in B? is “special”
and the column of a in B is not “special” which
gives us |g(m1) — g(m2)| = 0. Note that the proof is
identical if b is in a “special” column in B but a
1S not.

So far we have shown that

If p(mry,72) = 2, then |q(m1) — q(m)l < 1. (A.2)



Now we suppose that p(m,m,) = k where 2 < k <
h(C + 1). Note that we can construct a sequence of per-
mutations (r}, 75, .. ., ;) such that 7} = 7y, m; = 7, and
P, ) = 2.

Now using this fact and equation (A.2),

k=1

lgm) = gl =| Y q(x)) - g, )
i=1

>~

-1 k=1
< lat) — gl < Y 1=k-1

i=

1l
—_

1

<k = p(my, m2),

which proves that g(.) is 1-Lipschitz.
Now we use Theorem 8.3.3 of [4] which states that
2
P(g < Encilgl-1) < e 8h(C + 1) and apply it with
t = Ej c+11gq] and equation (A.1) to get
P(g=0)= P(q < Encrilgl = Enciilgl)

(Encilql)
¢ Sh(C+1)

e—H;,(C-H),

0—1 2 2h>0
"8\ nh+ 1) ’

which concludes the proof.

NN

where
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